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Basic DCT Formulation

DCT analysis and synthesis equations:

N-1 on 4+ 1
X[k] =« x[n] cos wk
3 aln) cos (=)

N-1 on 4+ 1
z[n] =0 X [k] cos k
p) ()

Where «, 3 are constants depending the size of the DCT window.

[Fatih Porikli - 2004]
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Pseudo-Reference Method

DCT (N) CutatM IDCT (N) Sampling N/M
N\ N\ N\ 7\
hln] H K] H[k] heln] e[n]
_ = 2n+1 . 0427]1\[:_1 h[n] cos (22tink) k=0,...M —1
H[k] = o ngo h[n] cos ( o wk) Ho[k] = { & 2n= (253t k) R
N-1

heln] = 5 X el cos (221

N-1

a3 kzo Lz_:o h[s] cos ( wk)] cos <27;]_|\_[ 17rk>
= af ]SV;_: h[s] ]:[;—O COS (2827\_[ 17rk> COS (227\; 17rk:>

k)
Jé; k;zo H][k] cos ( )
_I_

NN Mo 25+ 1 28n+1
e[n] = hc[ﬁn] = aof SEZ:O h[s] ;::O cos ( N wk) cos ( N wk/

[Fatih Porikli - 2004|
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Current Method

DCT (N) Cutat M IDCT (M)

7\ 7\

hln] H K] He|k] gln]

M-1 on+ 1
[n] = HI[k] cos k
g py (For ™)

= af Mz_jl [szl Ccos (232_']\_[ 17rk)] CcoSs (221\_; 17rk>

k=0 |s=0

N=to o M-l 2s+ 1 on 41
= af )_ h[s] )  cos mk )|cos k
X hlel X cos (=5 =k cos (<)

N—-1 M-1 25+ 1 (QNn +1
e[n] =aB > hls] 3 cos 7k | cos | =4 rk
== ( 2N ) 2N

[Fatih Porikli - 2004]
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1. Edge Offset

N-1 M-1
2s+1 2n+ 1
= k
g[n] af sz=:o h[s] g::o CoS ( N wk) COS < ST ) Current
N-1 M-1 N
25+ 1 29m+1
eln] = ap > hls] 3 COS( 82 [ Wk) de (MQNW"?> Pseudo-Reference
s=0 k=0

By rearranging terms in the second cosine, we find that

N 2R 1) (M/N M M _ 1
cos <2Mn+17rk) — Cos (< A ) (M )wk:) — Cos (ka> — Cos (Q(n tov—2)+ 17rk)
ON 2N (M/N) oM

Thus, we obtain

M 1
eln] = gln+ -~ ]
M 1
gln] = G[N—E‘FE]
_ _ M 1 4 1 1
In case 8:4 down-conversion, the offset is N 2 2.8 o
1 3 1 5

In case 8:3 down-conversion, the offset is L - =
2N 2 2.8 2 16

[Fatih Porikli - 2004
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2. Spacing Between Down-Sampled Pixels

w T g

'c C

|2 [

— e[n]
offset

We find that the current filter g[n] has only a fixed spatial shift -M/2N + 1/2 when we
compare it with the pseudo-reference filter e[n]

M 1
glnl = eln— S+

This implies that the separation between the down-sampled pixels is constant. Otherwise,
the spatial index term, i.e. n, should have been in the obtained spatial shift value.

Note that DCT of a real signal is also real, which means the transform has zero phase, since
DCT only involves cosine decomposition as opposed to exponentials as in the DFT. This
shows that there is no spacing change between the pixels.



3. Impulse and Frequency Responses

The conventional frequency response is defined for linear, shift-invariant systems (e.g. DFT)

z[n] x y[n] «—— X[k]Y[K]

o[n] * h[n] +—— HIK]

Note that the current down-conversion filter set is applied as a matrix multiplication:

y = Ax

Where g is the down-converted signal, h is the input signal, and A is the filter set we
computed. This transformation is linear, however it is not shift-invariant. Even if we
decompose the transform space into sinusoidals, transformed function will not correspond
to the conventional frequency response since the output is not the multiplication but the
convolution of the transformed functions (by duality of DFT).

z[n] - y[n] «— XT[k] * Y[k]

We can still obtain the frequency response for each component of the transformed signal

using the filter bank representation of DCT:

1]

>

() P8

HFY(Z—l) —>l8—> X[T]

.
2 1 :
FGz"H=Y cos( n ¥ wk) R
=0 16
where
=W



3. Impulse and Frequency Responses

Using the previous filter bank representation, we can obtain the frequency
responses of 8-point and 4-point DCT filters as

Freguency response of 4-point DCT filter bank

Freguency response of 8-point DCT filter bank
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3. Impulse and Frequency Responses

Frequency responses of 3-point DCT filters then
becomes

Freguency response of 3-point DCT filter bank
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3. Impulse and Frequency Responses

We can understand filter characteristics by observing its response to impulses.
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3. Impulse and Frequency Responses
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3. Impulse and Frequency Responses

DCT of the 8-to-4 down-conversion filters. Each color corresponds
to a separate filter.
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. Impulse and Frequency Responses

DCT of the 8-to-3 down-conversion filters. Each color corresponds
to a separate filter.
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3. Impulse and Frequency Responses

DFT of the 8-to-4 down-conversion filters. Note
that filters have low-pass characteristics.
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3. Impulse and Frequency Responses

DFT of the 8-to-3 down-conversion filters
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